In fully developed three dimensional fluid turbulence the fluctuating energy is supplied at large scales, cascades through intermediate scales, and dissipates at small scales. It is the hallmark of turbulence that for intermediate scales, in the so called inertial range, the average energy flux is constant and independent of viscosity [1] [2] [3] . One very important question is how this range is altered, when an additional agent that can also transport energy is added to the fluid. Long-chain polymers dissolved at very small concentrations in the fluid are such an agent [4, 5] . Based on prior work by de Gennes and Tabor [6, 7] we introduce a theory that balances the energy flux through the turbulent cascade with that of the energy flux into the elastic degrees of freedom of the dilute long-chain polymer solution. We propose a refined elastic length scale, r ε , which describes the effect of polymer elasticity on the turbulence energy cascade. Our experimental results agree excellently with this new energy flux balance theory.
To date, the only relevant theory on the interaction between polymers and turbulence cascade is the "energy balance theory" by de Gennes and Tabor [6, 7] as summarized recently by Sreenivasan and White [8] . It states that the turbulence energy cascade is essentially unaltered down to a scale at which the energy stored in the elastic degrees of freedom of the polymer is equal to the kinetic energy of the flow. So far experiments on fully developed three dimensional turbulence do not convincingly support this theory [9] . Here we argue that this may not be surprising as it is the turbulent flux of energy and not the energy itself that determines the inertial range properties of turbulence.
In this paper, we provide what may be called an "energy flux balance theory". In our theory, the turbulent energy flux through the cascade (or the turbulent energy transfer rate from scale to scale) is gradually reduced by the energy transfer through stretching and recoiling of the polymer chains, with the elastic energy flux becoming dominant at small scales. For the sake of making progress, we assume that the balance of elastic and turbulent energy occurs in average at one length scale. This of course is a crude assumption that does not hold in detail as the turbulent energy flux is known be intermittent [3] . Nevertheless, we may expect that it captures the main features, just as Kolomogorov's 1941 (K41) theory [2] does for pure fluids. Here we show, that the energy flux balance theory is supported quantitatively by our experimental data measured over a wide range of parameters in fully developed turbulence. Our approach may also be applied to and provide new perspectives into turbulence in other complex flows involving two or more nonlinear mechanisms, like for example, turbulence in conducting fluids, plasmas or quantum fluids.
For stationary turbulence in Newtonian fluids, the kinetic energy of the turbulent motion per unit mass is supplied at a rate of ε I at the forcing scales: length scale L and time scale T L , which are related by 
the forcing scales (L and T L ) are widely separated from the dissipative scales (η and τ η ).
The K41 theory [2] then states that for intermediate scales
the energy is transferred down to smaller scales without loss. This immediately leads to the conclusion that ε I = ε T (r) = ε D = ε is a constant. Here we used the notation ε T (r) to emphasize that the energy transfer rate depends on scale r. This local energy transfer rate can be estimated as ε T (r) = u r 2 /τ r , where u r and τ r are the characteristic velocity and time at scale r (u r is often related to the velocity differences at scale r: u r ∼ |u(x + r) − u(x)|).
The results from K41 theory is u r ∼ (εr) 1/3 and τ r ∼ (r 2 /ε) 1/3 , which is consistent with
This elegant picture of the energy cascade is changed when flexible long-chain polymers are dissolved in the fluid. For simplicity, one may regard a single polymer chain as an entropic spring that is constantly stretching and coiling back in the flow [6, 7, 10] . The turbulence fluctuations at different scales contribute unequally to the stretching of the polymer chain. In particular, Lumley concluded that only those fluctuations with time scale τ r τ p can stretch the polymer chain [11] , where τ p is the entropic viscous relaxation time of the polymer chain.
This "time criterion", which is essentially the same as requiring that the scale-dependent
Weissenberg number W i r = τ p /τ r 1, thus defines the Lumley scale r * ≡ (ετ p 3 ) 1/2 (see e.g.
[5]). The physical meaning of r * is that below this scale the local fluid deformation would be strong enough to stretch polymers.
Please note, that the Lumley scale can only tell us on whether a single polymer chain can be stretched by turbulence or not and thus cannot address how polymers dissolved at a certain concentration will affect the flow. This was addressed by the "energy balance theory" proposed by Tabor & de Gennes. By analogy to polymers in a linearly stretching field (see Methods), Tabor & de Gennes [6] suggested that the polymer elastic energy per volume is E e (r) ∼ c p kT (r * /r) 5n/2 for r ≪ r * , where c p is the number of polymer chains per unit volume, k is the Boltzmann constant, T is the temperature of the fluid, and n is an unknown exponent that is related to the average stretching dimensions of the local flow field.
De Gennes [7] further argued that the turbulent energy cascade will be truncated below a scale r * * at which the polymer elastic energy balances the kinetic energy of the turbulent fluctuations (see also Figure 1 (a)):
This gives
The polymer relaxation time τ p ≈ (N 3/5 a) 3 µ/kT , where N is the number of monomers per chain, a is the length of a monomer, and µ is the dynamic viscosity of the fluid.
When writing down Eq. (1), de Gennes conjectured that the turbulence energy cascade is unaffected at scales r > r * * , which, however, is not consistent with the theory itself as it assumes that polymers already gain elastic energy from the stretching by eddies of size r * * < r < r * and hence must have diverted part of the turbulence energy flux at scales r > r * * . Assuming the time scale for polymers to transfer elastic energy down scales is τ p , then the elastic energy flux is
The elastic energy flux given above increases as r decreases and can dominate the turbulence energy flux ε T , as suggested in Fig. 1(b) . A new scale r ε can be defined when the two fluxes balance:
which yields
where a proportional factor A is introduced to convert the scaling relation to an equation.
For r ε < r < r * , the turbulent energy flux is only slightly affected and inertial range scaling of the cascade would still capture the behavior to leading order. However, for r < r ε , the turbulent energy transfer will be strongly reduced.
As a test of this conjecture we investigated experimentally the validity of the elastic energy flux as given by Eq. 4. The experiment was done in the von Kármán swirling (VKS) flow system (see Methods for details). We probed the energy transfer in the flow by measuring the second order transverse velocity structure function [9, [12] [13] [14] [15] [16] [17] and the decreasing of ε T [9] have been observed before.
In [9] , it was also noticed that ε T measured from inertial range exceeds ε D measured from the dissipation range by a large amount, which is consistent with the conjecture that at small scales it is the polymers that transfer part of the fluid's fluctuation energy by elasticity and hence reduce the turbulence energy flux. Note that in [9] a critical polymer concentration of φ c = 7 ppm was observed below which ε T was not affected by the presence of polymers in the flow with similar R λ in VKS1. In VKS2, ε T was found to decrease slightly even at φ = 1 ppm. This difference is most likely due to the change in the large-scale flow, as a consequence of the modifications in propeller size and the vane structure. As we will show next, when data measured from the two apparatuses are processed the same way, the results overlap with each other, which strongly supports the conjecture that the mechanism of elastic energy transfer by polymers is independent of how energy in injected into the flow at large scales.
In principle, the difference in the two curves of D N N (r) shown in Fig. 2 gives the energy flux by polymers ε e (r). However, as shown in [9] , for VKS flows polymers reduce large scale velocity fluctuations also, which contributes to the decrease in ε T . To account for this change we assume that the plateau values of D N N (r) for polymer solutions correspond to the total energy transfer rate ε T . The difference between ε T and D N N (r) at smaller r is thus ε e (r). As we shall see later, this assumption is well supported by the observed collapse of the data. Moreover, we notice that Eq. (3) can be rearranged as
From our data we fit the constant A and the exponent n using the measured [ Previously some of us [9] had found that data from varying Reynolds number but constant This is consistent with the properties of velocity gradients in turbulent flows and previous findings of polymer behavior in turbulence. In homogeneous and isotropic three-dimensional turbulence, locally biaxial stretching is more probable than uniaxial stretching [19] . Moreover, recent simulations showed that polymer extensions are larger in the biaxial stretching regions of a channel flow [20] or a homogeneous shear flow [21] . Furthermore, we note that a previous compilation of drag-reduction data from different turbulent pipe flows reported a value n ≈ 2/3 [8] that is quite close to what we found here from velocity structure functions in bulk turbulence.
With n = 1, we can determine the scale r ε from Eq. (5):
In Fig. 4 we plot [ In a certain sense, r ε is similar to the Kolmogorov scale η as both correspond to a scale at which the inertial range turbulent energy cascade is truncated by a mechanism whose effect is negligible in the inertial range but increases at small scales. On the other hand, η
for Newtonian flows and r ε for polymer solutions are significantly different. For Newtonian flows, the velocity field below η is smooth and the small scale turbulence is expected to be universal. For polymer solutions, at scales r < r ε there is still room for interesting dynamics. It has been shown that in a smooth velocity field the elastic instability can drive polymer solutions to elastic turbulence [4] . Our theory suggests that in turbulence this might occur when the polymer stress dominates the fluid stress, i.e., at scales below the de Gennes scale r * * . Numerical simulations of decaying turbulence with polymers indeed showed an enhancement of energy spectra at small scales (smaller than η) [22] . It will be very interesting to study the small scales experimentally with suitable diagnostic techniques.
Methods
Elastic Experimental setup and techniques The turbulent flows were generated by two counterrotating baffled disks in a cylindrical tank, known as the von Kármán swirling flow. Two VKS apparatuses were used in the experiments. One has been described in details before [25] . 
